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Existence of phase transitions only
in TD limit

Phase transitions occur only in thermodynamical limit

Want to simulate such systems

Problem: finite memory and processing time
Idea: Analyse finite systems and deduce conclusions for
TD limit
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How to find Tc

No problem in Thermodynamical limit

Look at finite system

Figure: In TD limit the order parameter is 0 for T > Tc but in FS the
transition is smeared out.



Finite Size
Scaling

Darko Pilav

Introduction

Motivating the
Scaling
Function

Scaling Function
Hypothesis

Interpretation

Obtaining Tc

Maximum of TD
quantities

Binder Cumulant

Behaviour of ξ

1st or 2nd
Order?

Histogram Peaks

Failure of FSS

Maxima at Tc
Weak Transition

Statistical
Error

Summary

How to find Tc

No problem in Thermodynamical limit

Look at finite system

Figure: In TD limit the order parameter is 0 for T > Tc but in FS the
transition is smeared out.



Finite Size
Scaling

Darko Pilav

Introduction

Motivating the
Scaling
Function

Scaling Function
Hypothesis

Interpretation

Obtaining Tc

Maximum of TD
quantities

Binder Cumulant

Behaviour of ξ

1st or 2nd
Order?

Histogram Peaks

Failure of FSS

Maxima at Tc
Weak Transition

Statistical
Error

Summary

How to find Tc

No problem in Thermodynamical limit

Look at finite system

Figure: In TD limit the order parameter is 0 for T > Tc but in FS the
transition is smeared out.



Finite Size
Scaling

Darko Pilav

Introduction

Motivating the
Scaling
Function

Scaling Function
Hypothesis

Interpretation

Obtaining Tc

Maximum of TD
quantities

Binder Cumulant

Behaviour of ξ

1st or 2nd
Order?

Histogram Peaks

Failure of FSS

Maxima at Tc
Weak Transition

Statistical
Error

Summary

How to find Tc

No problem in Thermodynamical limit

Look at finite system

Figure: In TD limit the order parameter is 0 for T > Tc but in FS the
transition is smeared out.



Finite Size
Scaling

Darko Pilav

Introduction

Motivating the
Scaling
Function

Scaling Function
Hypothesis

Interpretation

Obtaining Tc

Maximum of TD
quantities

Binder Cumulant

Behaviour of ξ

1st or 2nd
Order?

Histogram Peaks

Failure of FSS

Maxima at Tc
Weak Transition

Statistical
Error

Summary

1st or 2nd order transition?

No problem in Thermodynamical limit

Look at finite system

Equilibrium TD behaviour of FS smooth for both 1st AND 2nd
order transitions
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Summary of Problems

Problems:

Cannot simulate infinite system

Finding Tc

Distinguishing between 1st and 2nd order transitions
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Motivating the Scaling Function

Consider the magnetic susceptibility:

Can be defined as kBTχM =
∑

{i,j}〈σiσj〉 − 〈σi〉〈σj〉
Approaching Tc results in divergence of ξ

→ susceptibility
saturates as ξ ∼ L

Including this into scaling theorie gives

χ(L, T ) = |t|−γg
(

L
ξ(t)

)
, where t = (T − Tc)/Tc
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Motivating the Scaling Function

χ(L, T ) = |t|−γg
(

L
ξ(t)

)

g(x) should also satisfy:

g(x) → const. as x →∞
g(x) ∝ xγ/ν as x → 0

First constraint: Ensures correct powerlaw behaviour in
TD limit.
Second constraint: Ensures temperature independent
Magnetic Susceptibility for ξ � L

Sideproduct: Maximum of TD quantity grows like Lγ/ν
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Motivating the Scaling Function

Scaling Functions

TD limit FS system

M ∝ |t|−β M = L−β/νgM (tL1/ν)

χ ∝ |t|γ χ = Lγ/νgχ(tL1/ν)

C ∝ |t|α C = Lα/νgC(tL1/ν)

Note: Only valid for

Temperatures close enought to Tc

Sufficently large system sizes L
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Interpretation
Let’s look at heat capacity C = Lα/νgC(tL1/ν)

Plot C/Lα/ν with respect to tL1/ν

Figure: With correct exponents we see data collapse near Tc
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Plot χ/Lγ/ν with respect to tL1/ν

Figure: With correct exponents we see data collapse near Tc
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Maximum of χ

Behaviour of Maximum of TD quantities (e.g. χ or C)

Temperature where χ or C experiences maximum is not exactly
Tc

Denote temperature where χ has maximum by Tc(L)
Assumption: ξ(Tc(L)− Tc) = aL

Since ξ(x) ∝ |x|−ν

Tc(L) = Tc + bL−1/ν
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Problem: 3 tunable Parameters (Tc, b, ν)

Need data with good statistical accuracy

Measure different quantities (since all have same Tc, b, ν)
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Binder Cumulant

Figure: Prof. Dr. Kurt Binder
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Binder Cumulant

Binder Cumulant UL := 1− 〈M4〉L
3〈M2〉2L

Binder Cumulant not depending on L at Tc

〈M4〉L
〈M2〉2L

=
L−4β/νgM4(tL1/ν)(
L−2β/νgM2(tL1/ν)

)2 = gc(tL(1/ν))

For T > Tc 〈M4〉L = 3〈M2〉2L
For T < Tc 〈M4〉L = 〈M2〉2L
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Figure: Binder Parameter for the 3D Ising Model
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Binder Cumulant
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Example: Ising Model

Phase diagram of the Ising Model

Figure: Phase Diagram of the Ising Model
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τA ≡
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0
φAdt

〈(δA)2〉 ≡ 1
N

(
〈A2〉 − 〈A〉2

) (
1 + 2

τA

δt

)

1 + 2τA/δt is so called “Statistical Inefficiency”

Near 2nd order phase transitions τA diverges (critical
slowing down)

Algorithms that reduce critical slowing down very
important
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