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Existence of phase transitions only
in TD limit

Phase transitions occur only in thermodynamical limit
o Want to simulate such systems

o Problem: finite memory and processing time
o Idea: Analyse finite systems and deduce conclusions for
TD limit
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How to find T,

o No problem in Thermodynamical limit

o Look at finite system

Spontancous Magnetisation

3D Ising Model
! T T T
—1-4
—ra
L e L=8 i
08 N
—r
M =8
oab § ,
I I I
T 3 3 4 5 6
T

Figure: In TD limit the order parameter is 0 for T' > T, but in FS the
transition is smeared out.
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1st or 2nd order transition?

o No problem in Thermodynamical limit
o Look at finite system

Equilibrium TD behaviour of FS smooth for both 1st AND 2nd
order transitions
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Summary of Problems

Problems:
o Cannot simulate infinite system
o Finding T,

o Distinguishing between 1st and 2nd order transitions
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Consider the magnetic susceptibility:
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Motivating the Scaling Function

Consider the magnetic susceptibility:
o Can be defined as kpTxnm = >_y; 1 (0i0j) — (03){0;)
o Approaching T, results in divergence of £ — susceptibility
saturates as £ ~ L

o Including this into scaling theorie gives

X(L,T) = |t|™7g (%) where t = (T — T.) /T,
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Motivating the Scaling Function

X(LT) = [t ()
g(z) should also satisfy:
o g(x) — const. as z — oo

o g(x) x 2" asz — 0

o First constraint: Ensures correct powerlaw behaviour in
TD limit.
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Motivating the Scaling Function

= |t L
X(LT) = [t ()
g(x) should also satisfy:

o g(x) — const. as z — oo

o g(x) x 2" asz — 0
o First constraint: Ensures correct powerlaw behaviour in
TD limit.
o Second constraint: Ensures temperature independent
Magnetic Susceptibility for £ > L

o Sideproduct: Maximum of TD quantity grows like L?/¥
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Motivating the Scaling Function
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TD limit FS system
M [t M = L8/ gp ¢V
x o [t x =L g, (tL'/")
C o |t C = LY go(tLYY)

Note: Only valid for



Finite Size
Scaling

Darko Pilav

Introduction

Motivating the

Scaling

Function
Scaling Function
Hypothesis
Interpretation

Obtaining T
Maximum of TD
quantities
Binder Cumulant
Behaviour of £

1st or 2nd
Order?
Histogram Peaks
Failure of FSS
Maxima at T
Weak Transition

Statistical
Error

Summary

Motivating the Scaling Function

Scaling Functions

TD limit FS system
M [t M = L8/ gp ¢V
X o [t|7 X = L7/”gx(tL1/”)

C o |t|* C = LV go(tLY)

Note: Only valid for

o Temperatures close enought to 7,
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Motivating the Scaling Function

Scaling Functions

TD limit FS system
M [t M = L8/ gp ¢V
X o [¢]” x =L g, (tL'/")
C o |t|* C = LV go(tLY)

Note: Only valid for
o Temperatures close enought to 7,

o Sufficently large system sizes L
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Interpretation

Let's look at heat capacity C' = L%" g (tL'/¥)

Plot C'/L*/V with respect to tL/*

Figure

Fitted Heat Capacity

3D Ising Model

Heat Capacity / LA(alpha/nu)

2 0 2
tLA(1/nu)

. With correct exponents we

see data collapse near T,
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Interpretation
Another example x = L/¥go(tLY/")

Plot x/L"/" with respect to tL'/¥

Fitted Magnetic Susceptibility

chi / LM gamma / nu}

Figure: With correct exponents we see data collapse near T,
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Remarks
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How to obtain 7.7
o Order Parameter # 0

Obtaining T,

VT < o0

Spontaneous Magnetisation

3D Tsing Model

Figure: The order
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Obtaining T,

How to obtain 7.7

o No divergence of Correlation Length, Magnetic
Susceptibility or HeatCapacity
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Obtaining T,

How to obtain 7.7

o No divergence of Correlation Length, Magnetic
Susceptibility or HeatCapacity

Heat Capacity
3D lsng Model

Heat Capacity

05k

Figure: The quantities do not diverge.



Obtaining T..

Different Solutions for this problem

«O>r «Fr «=>»

«E)»

RN Ge



Obtaining T.

Different Solutions for this problem

o Behaviour of Maximum of x or C
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Obtaining T,

Different Solutions for this problem

o Behaviour of Maximum of x or C

o Binder Cumulant Uy, :=1 — %

o Behaviour of Correlation Length ¢
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Maximum of

Behaviour of Maximum of TD quantities (e.g. x or C)
Temperature where x or C experiences maximum is not exactly
T.
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Maximum of x

Behaviour of Maximum of TD quantities (e.g. x or C)
Temperature where x or C experiences maximum is not exactly
TC

o Denote temperature where x has maximum by 7T(L)

o Assumption: £(T.(L) — 1) = alL
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Binder Cumulant

. A

Figure: Prof. Dr. Kurt Binder
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(M

Binder Cumulant U, :=1 — 3022

Binder Cumulant not depending on L at 7T,

(MY L™*8/vgpa(tLV7)
(M7 (L-28/vgppa(tLV/7))?

= go(tL1)

o For T >T. (M%) = 3(M?)%
o For T < T. (M*) = (M?)?2
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Binder Cumulant

for T > T,
for T < T,

Up=1-

w
E
)
.-
h
wiro O

Uy

Figure: Binder Parameter for the 3D Ising Model
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Possible to apply FSS on Binder Cumulant
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Binder Cumulant

Possible to apply FSS on Binder Cumulant

Te=451,v=063

Uy

Figure: Obtaining of v with FSS of Uy,

o (3 canceled out
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Binder Cumulant

Possible to apply FSS on Binder Cumulant

Te=451,v=063

Uy

Figure: Obtaining of v with FSS of Uy,

o (3 canceled out

o T, obtained via point of intersection
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Binder Cumulant

Possible to apply FSS on Binder Cumulant

Te=451,v=063

Uy
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Figure: Obtaining of v with FSS of Uy,

o (3 canceled out

o T, obtained via point of intersection
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Obtaining T, by observing &

Similarly to the Binder Cumulant method we can derive T,

with &
since &1, = Lge(tL'/V)

T—T.
—

£L/L = ge(0)
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Obtaining T, by observing &
Similarly to the Binder Cumulant method we can derive T,
with &
since £, = ng(tLl/") gt £L/L = ge(0)
Therefore &f, for different L intersect at T,
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Darko Pilay Obtaining T, by observing &
Introduction Similarly to the Binder Cumulant method we can derive T,
Motivating the W|th 5
Scaling

. v T—Te
FSunFtioE : sSince éL e ng(tLl/ ) JENE—Y é-L/L — gs(o)

Hypothesis Therefore &f, for different L intersect at T,

Interpretation

Obtaining T

: 0.16 . : ; :
Maximum of TD e S e,
quantities Beg_
Binder Cumulant 0.15 [ N
Behaviour of &

014 | . S
1st or 2nd 2, \\\
Order? 013 L % . =
Histogram Peaks < R
Failure of FSS Yot
Maxima at T
Weak Transition 011 |
Statistical or L
Error K L:g ety
8 o ) ) ) )

Summary 00 5 35 4 45 5 55 6

Figure: Obtaining T, with &
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Obtaining T, by observing &

Possible to apply FSS to &,/L

T,=451,v=063
o016 . - .
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0158

0154

o152
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0,145

0144

o142

014
10

Figure: Obtaining v with FSS of {/L

o T, obtained via point of intersection
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Obtaining T, by observing &

Possible to apply FSS to &,/L

T,=451,v=063
o016 . - .

o158
0158
0154
o152

015
0148
0.148
0144

o142

014
10

o
T

Figure: Obtaining v with FSS of {/L

o T, obtained via point of intersection

= Have to tune only v
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1st or 2nd Order?

Big Problem!
o Finite Size Scaling will not work
o Histogram peaks will not merge

o No critical exponents
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Figure: Phase Diagram of the Ising Model
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Figure: Spontaneous Magnetisation fluctuates from one ordered
state to the other
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Histogram Peaks

o Plot Histogram of M - increase system size

o If Peaks merge = 2nd order transition
o If Peaks don't move = 1st order transition




1) Introduction

2) Motivating the Scaling Function

Scaling Function Hypothesis
Interpretation

3) Obtaining T,

Maximum of TD quantities
Binder Cumulant

Behaviour of ¢

(@ Distinguishing between First and Second Order Transitions
Behaviour of Histogram Peaks

o Finite Size Scaling on 1st Order Transitions
Behaviour of TD quantities at 7T,

Problem of the Weak 1st Order Transition
5) Statistical Error

6) Summary

«O>r «Fr «=>»

«E)»

RN Ge



Finite Size
Scaling

Darko Pilav

Introduction

Motivating the
Scaling
Function

Scaling Function
Hypothesis

Interpretation

Obtaining T
Maximum of TD
quantities
Binder Cumulant
Behaviour of &

1st or 2nd
Order?
Histogram Peaks
Failure of FSS
Maxima at T
Weak Transition

Statistical
Error

Summary

Finite Size Scaling on 1st Order
Transitions

o Can not obtain good values for critical exponents




Finite Size
Scaling

Darko Pilav

Introduction

Motivating the
Scaling
Function
Scaling Function
Hypothesis
Interpretation

Obtaining T
Maximum of TD
quantities
Binder Cumulant
Behaviour of £

1st or 2nd
Order?
Histogram Peaks
Failure of FSS
Maxima at T'e
Weak Transition

Statistical
Error

Summary

Finite Size Scaling on 1st Order
Transitions

o Can not obtain good values for critical exponents
— No data collapse



Finite Size
Scaling

Darko Pilav

Introduction

Motivating the
Scaling
Function
Scaling Function
Hypothesis
Interpretation

Obtaining T
Maximum of TD
quantities
Binder Cumulant
Behaviour of £

1st or 2nd
Order?
Histogram Peaks
Failure of FSS
Maxima at T'¢
Weak Transition

Statistical
Error

Summary

Finite Size Scaling on 1st Order
Transitions

o Can not obtain good values for critical exponents
— No data collapse

o No single intersection point of Binder cumulant or {/L
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Figure: 1st Order Phase Transition
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TA = / padt
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(64) = 37 (147 - (4) (1+272)

o 14 274/0t is so called “Statistical Inefficiency”
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0

(64) = 37 (147 - (4) (1+272)

o 14 274/0t is so called “Statistical Inefficiency”

o Near 2nd order phase transitions 74 diverges (critical
slowing down)
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Summary

TA = / padt
0

(64) = 37 (147 - (4) (1+272)

o 14 274/0t is so called “Statistical Inefficiency”

o Near 2nd order phase transitions 74 diverges (critical
slowing down)

o Algorithms that reduce critical slowing down very
important
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Summary

o Can nummerically collect information of TD systems due
to FSS

o Have seen different possibilities to obtain T,

o Problem: Distinguishing between 1st and 2nd order
transitions
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Summary

Can nummerically collect information of TD systems due
to FSS

Have seen different possibilities to obtain T

Problem: Distinguishing between 1st and 2nd order
transitions

Have seen one of the important error contributions
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