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Formalism

Statistical mechanical basics

sample region {2

1) certain dimension d
i) volume V(&)
ii) number of particles/sites N(Q2)

Iv) boundary conditions

Hamiltonian defined on the sample region

Ho Y K,0,

kT
L Depending on the degrees
of freedom

Coupling constants



Partition function

Zo[{K, Y] = Trexp PHal{Kn}{On}) p= kaT

Free energy

Free energy per site

FQ[{Kn}] — FQ[K] — —kBTZOQZQ[{Kn}]

) Non-trivial existence of limit

i) Independent of (2
i N(€)

lim ———~ = const

N(Q)—oo V()



Phases and phase boundaries

Supp.: - [fo|K] exists
- there exist D coulping constants: {Ki,...,Kp}
- fo| K] Is analytic almost everywhere

- non-analyticities of fol{Kn}] are points, lines, planes, hyperplanes in the
phase diagram

- Dimension of these singular loci: D, =0,1,2,...

Codimension C for each type of singular loci: C=D-D,

Phase: region of analyticity of fo K]

Phase boundaries: loci of codimension C =1



Types of phase transitions

folK] IS everywhere continuous.

Two types of phase transitions:

0 fy K|
0K;

a) Discontinuity across the phase boundary of
first-order phase transition

b) All derivatives of the free energy per site are continuous across the phase
boundaries

Continuous phase transition



Overview
ZolK|=Tr exp PHa(K:AOn})

)
FolK| = —kpTlogZg K]
l K]
= lim FalK
% folK] = N(}Z)—mo N(Q) N
ein| K| = ﬁ(ﬁfb[ ), MK] = _8127[[_11{]
l internal energy magnetization l
ClK] = ae@g}“ xr[K] = Mg}f]

heat capacity magnetic susceptibility



Critical exponents

How do the measurable quantities change in the neighbourhood of a critical point?

T — T,
Critical temperature  1¢ t= T,
N
heat capacity C ~t|™“
Order parameter (t < 0) M ~|t|° > for H =0
susceptibility X~

Equation of state M ~ H/¢



Correlation length

- Length scale over which the fluctuations of the microscopic degrees of
freedom are significantly correlated with each other

(Cardy: Scaling and Renormalization in Statistical Physics)

- Strong dependence on temperature near a phase transition diverging to
Infinity at the transition itself

Critical exponents for the correlation function

I'(7) ti(; r~PeT/¢

Correlation length & ~|t|™"

Power-law decay (t=0) p=d—2+n



The model system: Ising model

- attempt to simulate a domain in a ferromagnetic material
- Spontaneous magnetization in absence of an external magnetic field

- Critical temperature: Curie temperature

Importance of Ising model
- Equivalent models (lattice gas, binary alloy)

- The only non-trivial example of a phase transition that can be worked out
be mathematical rigor in statistical mechanics

- Compare computer simulations of the model with exact solution



Characterization of the Ising model

1)
i)
ii)

V)

Periodic lattice () in d dimensions
Lattice contains N ({2) fixed points called lattice sited

For each site: classical spin variable S,= +/-1 (i =1, ..., N) in a definite
direction (degrees of freedom)

Most general Hamiltonian

—Hqg = ZHzSz + Z JZ]SZSJ + Z KZ]kSZS]Sk + ...

1€€2 2] 1,5,k

Number of possible configurations: N (€2)

reY XY =Y

S1=+£1Sy=+1 SN(Q)::lzl {S;=+1}



Assumptions

i) two-spin coupling only Kiji =0,
i) External magnetic field spatially constant H,=H
i) Nearest-neighbour interactions only Z R Z
1,7 <13>
IvV) Isotropic interactions Jij=J
v) Hypercubic lattice > = 9d
vi) Ferromagnetic material J>0
—Ho=HY S;+J » 8,

i€ <i,j>

ZoH,T,J| = Z expPH 2ica Sitd 2o 55 5i5;)
{S;==+1}



Arguments for phase transition in d = 1,2 dimensions with H=0

Fo[K] = Ein[K] - TSo[K] = —J Y S:;S; — Tkglog(f(states))

<2,7>
a=1 | (A)ttttrtts (B)tttsiiid
Fnp — Fyoa=2J —kgTlog(N —1) " > —o0
T P TR 11
tt
@I uuk
trrttet TTTTTTT
n bonds
FN,B — FN,A = [ZJ— lOg(Z — l)kBT]n 97
o= kglog(z — 1)




Long range order €«-» short range order

- nearest neighbour interaction: short range interaction

- What about: J
Jij =
7 — 15|
Answer:
o<1 thermodynamic limit does not exist
1<o<2 long range order persist for 0 < T < T,
2< 0 short-range interaction: no ferromagnetic state for T >0



Solutions In one and more dimensions

- ad hoc methods

H =0 - recursion method
d=1
- transfer matrix method
H +0
(Kramers, Wannier 1941)
- low temperature expansion
d=2 H=0 P P

- Onsager solution (1944)

d=1,2,3 H#0 - mean-field method (Weiss)




d=1 H+#0

Transfer matrix method

Reduce the problem of calculating the partition function to the problem of
finding the eigenvalues of a matrix

Assumption: Sni1 =51 SN+1 =51
SN SQ
ZolH,J] = Trexp PHa(H15:}) S3
Ho(H,J,{S;})=—-H> Si—J > S5,
1€ <t,5>
h:=pH K :=03J

Zolh K] = ... 3 h D SchK £ Sisin
S1 SN




. det et )\ e K —0
Calculation: oK chtE _ | =

=  Al2 = e (cosh(h) + \/sinh(h)2 +e4K)

= | fo(h,K,T) = —JkgTlog(cosh(h) + \/sznh(h)2 + e—4K)

Spatial correlation in one dimension (T > 0)

d=1 H=0

Definition: two point correlation function

G(i,7) == (S = (8:))(Sj — (5;))) = (5:55) — (5:)(5;)
G(i,i —I-]) — <SzSz_|_J> — (tcmh(K))j
G(i,i + ]) — e Jdlog(coth(K)) — ,—i/¢

1
— ~1/9 J/(kBT)
=& log(coth)K)) /2



Onsager solution d=2 H=0

Notation and boundary conditions: Columns —

1 2 3 .. N n+l=1
_ 1
Ha = {817827"'78n}ath row 9
Sn+1 = S1 5, Hn41 = H1 w 3
2 S

N =n S
n

Elements of the Hamiltonian: _
n+1=1

n

E(p, i) = =€) sis)

k=1
n n
E(p) = —¢ E SkSk+1 — H E Sk
$
$

&

Partition function:

ZQ [H, T] — Z L Z 6_/8 ZZ:l[E(Uou/vLoH—l)_'_E(/vLa)]
H1 220



Properties of the matrix P: - Au|P|y) = o BIE (1" ) +E(w)]

- P 2" x 2™matrix

- Zo|H,T) = TrP"

: 1 , 1
= ngnoo Nlog(ZQ H=0,T]) = 'n,h—>Holo Elog()\maw)
L largest eigenvalue of P
B L FolO,T] —kpTlogZal0,T] B 1
Sl =0.T1= lIm —NQ)y ~ ~vam, N(Q) = —kpT lim T10g(Amaq)
1 T 1 ,
= | B8fp|0,T] = —log (2 cosh 23¢) — 2—/ d¢10g§1 + \/1 — Kk2sin2¢
T Jo

K = 2[cosh 2¢ coth2¢]*



Mean-field theory

Arguments for mean-field theory:
- Simplest treatment of an interacting statistical mechanical system

- often gives a qualitatively correct picture of the phase diagram of a given
model

- ,the” mean-field theory

Hamiltonian —Hq = HZ S; + J Z SiS;

1) <1,7>

Partition function

Zo[H,T,J = 0] =} = exp’f2iea®) =
{S;==£1}

N
= H Z expPok = (ePH 4 o= PIYN — (2 cosh H)Y
k=1 Sp==+1



Assumption: d-dimensional hypercubic lattice z = 2d

Postulate: effective field due to the magnetic moments of all other spins

—HQ:HZSi+J Z S@'szzsq;[H—I—J Z S

1€ <1,7> 1€ ] n.n.
D.Si= D (S H+T D (S, (S)= Y () =2dM
] n.n. 7 n.n. 7 n.n. Jj n.n.

—— J
Y

mean field fluctuation in the mean field

—Ho =) Si[H+J ) S]=> Si[H+2dJM]=H;> S

1€Q) 7 n.n. 1€ 1€Q)

= | Zo[H,T] = (2cosh BH,y;)" = (2cosh B[H + 2dJM])"




Free energy per site

—kpTlogZq|H,T]

: : . —kgTlog(2 cosh B[H + 2dJM])NE)
HT = 1 — ]
Pl 1] N (@)oo N(Q2) N(2) oo N(Q)

= | folH,T] = —kpTlog2cosh B|H + 2dJM]

magnetization per site MIK] = _8fb[K] _ H +2dJM

tanh
4+ f(M)
T < To \ /
\

247

T=To=""

OH kT
/ : \ T > TC

Spontaneous magnetization: H = 0




Critical exponents for mean-field theory of the Ising model

M = tanh

H+2dJM  tanh 2 4 tanh M7

kT B 1+tanthLTtanhM7' Te
T=—
T
Expand for small H,M:
H T3
= — M1 = M3(r—7124 —+4+..)+...
T (1—7)+M(1—7"+ gt )+
T —Te 1
- M? = 3 , ==
H=0 T + p=3
H
— =M _
T=1 knT + 5 =3
7_3
M =0 |7 =Xxr(=7)+3Mzr(r —° + ) + v =1




Symmetry and ergodicity breaking

The ergodic hypothesis

dynamical degrees of freedom 1 (t)

Any observable A({n:(t)})

. . 1 ! / /
time average (A)ta == lim — [ dt"A({m:(t')})

t—oo t 0

expectation value (A)egm = /Hdeeqm({m})A({m)})

(Aia = (Aegm




Symmetry of the system at H=0

—Ho({Si}) =H)Y Si+J > 8S=J ) 8,

1€€2 <t,7> <,7>
—Hq({-S5;}) = Z =J Z SiS; = —Ha({S:}
<1,7> <1,7>

statistical mechanical probability of finding the system in the state {S}:

Pa(si)) = = el )

M

(i) = TrlPa({Si)S:] = 0




The restricted ensemble*

divide phase space into components I' = U La

Assumptions on the properties of components:

(a) Confinement: there is no chance for the phase point for moving
from one component to another

(b) Internal ergodicity: ergodic hypothesis for a particular component

Remark: component decomposition depends on the external
parameters of the system

-> appearance, disappearance, bifurcation, merge of components

* Palmer, Adv.Phys., (1982), Vol. 31, 669 - 735



Change of component

Definition: cumulative prob. for escape from some component I'p:  P*(¢)

Assumption: P%*(19) < po =  meta-stable component

The Ising model:

Transition probability to a critical cluster

—BF
Py~ EA L EI | o
Pg e—BFB

lim (P*) (19, N) = 0  (for any 7o thermodynamical limit for d=2,3)

N — o0

lim lim (P*)(t, N) = 0

t—oo N—oo




Broken symmetry

components do not have the inversion symmetry of the Hamiltonian: M # 0

—.
<F

So what is special about symmetry breaking?

broken symmetry broken ergodicity

- Different components are mapped on each other by the symmetry
mapping which is broken

- order parameter P
| D magnitude = degree of freedom
®/(|2]) direction = component property

P — 0 continuously for continuous phase transition



Critical exponents for d =2

g

method

De Jongh, Miedema, Adv.Phys. (1974), Vol. 23, 1 - 260

Conclusion

mean — field| Onsager RbsCoFy Rbs MnFy
0 (disc) 0 (log) ~ 0.8 4.7 x 1073
0.5 0.125 0.122 =0.008| 0.17 +0.03
neutrons neutrons




Critical exponents ford =3

mean — field mean CrBrs RbMnF3
G 0.5 0.312 0.368 £0.005| 0.316 = 0.008
5 3 ~ 5 4.28 £0.1
method th. methods Faraday neutrons




Concepts to remember

Phase transitions occur in the thermodynamical limit: fb[K] = lim

Ferromagnetic state of the Ising model:

d = 1 no long range order for T > 0 - no ferromagnetic state for T > 0

d > 1 long range order for T < T = ferromagnetic state possible

First simple method for a model system calculation: mean-field theory

Broken symmetry. components do not have the inversion symmetry of the
Hamiltonian = Introduction of order parameter

Broken ergodicity: divide phase space into components with transition
probabilities and internal ergodicity in each component




Questions?



