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* An Algorithm based on guantum computation.
* |t provides a solution of the seach problem.

| # * 1 # # + |
* We have aphorebookandwe are lookingfor a
person who has a speafic phore number.

e Withaclasscd agorithm we need O(N) steps to find
the person.

* With Grover's algorithm we neead only O(«/N ) steps.
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State of aquhit: |/ )=a|0)+ 5|1)

Unitary transformation
They arereversible
Can ad onsingle or many quhts

! +

The wavefunction coll apses in one of the states.

/)= ai)®|j)with probability|a;|
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* (Generate superposition

* Defined as: ho 111
J21 -1

& 10 ! !

* Genedizaionof H for many quhts
* Equivaent to apply H onead quhit

[@)A  Alg,) H|g) A

9.1 {01}

e Matrix : W, =

1 i
j W(' 1)

AH|g,)



|s a quantum medhanica operator.
It is defined as

I the second register is initiali zed with —— (|0) - |1))

J2

it simply swaps the sign of the amplitude of the state
with f(x)=1
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e Defineafunction f - A® {0,1}
Aisaset with N =2" elements
Thereisonly an element sl A with f(s)=1

* Wearelookingfor the element x for which f (x) =1



The steps of the algorithm:

I. Initializaionof first register in the
superposition state:

1 1 1 1

JN'UN'YNT YN

Ii. Reped the following operation O(«/ﬁ) times:
a. Apply the orade 1
b. Apply the diffusonmatrix D; =- g +2ﬁ

lii. Measure the resulting state of first register.
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2)=[10)
* Wewill seethat we only need to apply step ii. once

* We ned to know the number of iterations needed
because we will seethat the probability does not
increase monaonicdly with them.
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i Initial state 1111
2 2 2 2
. 11 11
II. a Applicaionof theorade P I Bl
22 22

Il. b. Applicaionof D
1111 ,,1111 o

22 22 4 4 4 4

il .Measurement 2)=|10)

with probability p=1
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Initialization of first register in the superpaosition state:
1 1 1 1

JN'UN'YNT YN

To read this superpaositionwe can initializethe first
register in the state (1,0, ,0) and apply the Walsh-
Hadamard gate.

For instance we apply the Walsh-Hadamard gate to the
n=2 initialized state |y ,) =|00)

1

) =Wy o) = (0)+ )AL (0)+18)=5 )
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I. Reped the foll owing operation O(«/N) times:

a. Apply theorade .
b. Apply the diffusonmatrix D; =- g +2N

The application of the orade changes the sign of the
amplitude of the comporent for which f (x?: 1

We prove that D is unitary
An example of an applicaionof D
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A locd transformation ads on single states.

We implement the algorithm with locd transformations
because these transformations can be implemented with
elementary quantum gates.

We prove that D can be represented as a product of
locd transformations:

D=W(R - I W

where
Reow=2and R; =0forjorit 0

W,(R - 1) arelocd transformations.



The search problem

A classcd solution

A quantum medhanicd solution: Grover’s algorithm
- How it isdefined

How it works: Example with n=2
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Geometricd interpretation
- Anapplicaionof stepiii.
« The number of iterations we nedl to find the
right answer
The case with t solution



Why can we do a ssimple geometricd representation?
* All amplitudes arered
* The amplitudes of the non-seached states are equal

We can represent all the states of the algorithm asa
linea combination of :

the state of the seached element \ s>
the linea combination of the other states

Why do we make a geometrica representation?

* Easy understanding of the algorithm

e Easy determination of the number of steps we have
to apply
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* Define qassin(q):%

* QObseavethat the applicaion of theoradeisa
refledion aroundthe horizontal axis
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After m applicaions of step ii. we have the state

The probability of finding the seached state is

If we want to have a probability of abou 1 we have
to choose

(2m+1)q»£ U m»ﬁ-1

2 g 2
Clealy we nead an integer number of iterationsm
p

m» —

4q
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We can approximate m» %\/ﬁ

The probability of failureis given by
p, = cos?((2m+1) )

=sin? % (2m+1)q <sin2q:%
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1

* By definition: sin(g)= > g =30

Only one applicaion
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e Wedefine sin(g)= %

* After m applicaions of step ii. we have the state

V) =sn((2m+1)g)|s) +cos((2m+1) g)|u)

* Asfor one solutionwe need m= P steps

with a probability of failure

p, <sin’g=—
N
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The classcd solution
A quantum medanicd solution: Grover’'s algorithm

1 ( !
How it is defined
How it works: Example with n=2

! +
The effed of the applicaion of stepii.
How many step we have to apply
What is the probabilit y of failure/ of findingthe correa answer
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Drawbadk: in order to have high probabilit y of successwe have to
know the number t of solutionsandt << N.



